
☒ Obstruction Theory and classifying Bundles
(and characteristic classes)

A. Obstruction Theory
we want to study sections of a fiber bundle

F-→ E

↓µP
we assume : A) M is a CWcomplex (always true for

manifolds )

B) F is n- simple for all n
1.e. action of TF ( F

, ×) on Tn (F, Xo)

Fitrivial
recall

,
from The I. 13 action is

s
" F

→
→_1.
y 0

C) c- TilF) [f) c- Tin (F)

exercise :

1) H
-

spaces ( so liegroups, loop spaces . . )

are n-simple
2) TilF, xD is abelian if 1- simple
3) Tin IF

,
xd I [5

, homotopy classesThʰÉ13 of unbiased maps

and a not so important assumption
c) action of IT

,
LM

, paid on Tin IF
,
xD

T is trivial



.

-

→ E

[on]-8, hi
" homotopy lifting

gives a map F
: Fx so

,
i ] → E

so 86,1 ) : p
- '

Ix ) → p -4×7
"

F
"

F

so gives homo. 8-lx, i * : Tin (F) 9

exercise : this impales an Ip -XD is a fixedgroup
Iii dependent of ✗ c-M

(we can get around this by using
"

cohomology
with local coefficients " )

Denote the n- skeleton of M by Md

assume we have a section sk : M
"
→ E

we define a cohomology class←
CW- cochains

Elsa c-
'

(M ) ; TelF))
as follows

recall T E Ck" (M ; Tk(F)) is a homomorphism

T : Ck+, (M) → In (F)

and Cne , (M) is freely generated by
the Chel) - cells of M : eft ! . . eke '

e

recall
,
M
"")

= M
"
ve# 'u

. .
.
u e

ke '

e tu

where e?"= Dkt ' and a
,
: 2eʰÉ'→M

"

now ~ above is gluing e¥ ' to MY
Using 9

,

and we have an
"

inclusion "



F. : e¥→M

since ehi
"
is contractible

,
Cor II. 3 says

I.
*

E E Dk" ✗ F

1. ↓
EY

'
= Dht I

Sn pulls back to a section of IIE along Ze!
"

let pz : II F- → F be projection

then pish : &?→ F gives an element of %(
F)

Zeki" ( here we use B))

note : we also use C) so that all homotopy
groups of all fibers are canonically
identified

defiieo~csncek.tl ) = [ push ]

so Elsie E Ch
"
(M
, Tin CFD

Remark : alternate def ʰ Ii :2eY
'
→M is

null- homo topic (via I; on D
"') and

5k1g engl is a
lift of the start of the

homotopy . Homotopy lifting gives us a constant

mop Ñ: skxloi] → E and in (HT;D) cp-YHC-T.is)

exercise :

1) ECsn ) is invariant under homotopiés of Sk
2) Elsa ) = 0 ⇔ 5h extends over mkt

1)



lemma 1 :

8Elsa = 0

for the proof recall in CW- homology
29 Cndd → Calm )

is defined as follows .
project to jtʰfor each h - cell e!" consider h -cell

aey-i.sk ÉñÑ
"

Tf"/⇔ , -- Ynsk -↓, she
↑

9vohéutmopMoneforeac÷h-cell

* k cells gij
↓

Fief") = -, @egg;;) [ e} ]
exercise : we can homotop a; so that there are

open disks D? C 5k = 2e¥
'

so that

Dkn maps homeomorphically onto interior of

some h -cell and ai(±2Ñn ) is the attaching
mop of that

k -cell
, depending on D} or

"
-

pres
K - D

and Cli ( Sk- U Dhn ) cm
or reversing

Hint : homo top a; so smooth on g-
' (intCk -cells))

now take regular valve in center of
each k - cell (see proof of cellular



approximation )

proof : recall S (ECW ) : (helm → % IF)
6

eh-12 F(g) Geht)

let a :3 eh"→Ñ+" be the attaching map and
I : eh"→M the inclusion

homotop a as in
'

exercise above

now 8 Elsa) ( eh
") = Elsa (I djtekj

"

])

as above I
*

E- ± eh
"

✗ F

↓
eh-12

tromexexcje
↓

and Sn gives a section above a ( Zeh
"
- UDET

')

and a /
zpnnei

is the attaching mop for a

⑥ +D-cell
, say e.¥

so can use PE at⇒Day to define %) (EY
)

i. the mops used in the definition of

Id; Elsa ) (e}
")

he i

can be extended over 2eʰ
"
- UDn

exercise : show this means Id; Elsa ) (e}
")

is 0 in th (F)



Hint : first case is t :3Dke '→ F is

null - homo topic ⇔ f extends over DK
"

so 8 Elsa ) = 0 ☒-

now suppose we have 2 sections {
and sie over Mt

"

that agree on
µ
@-D

then we define a difference class in Ck (M
, TinCFD

Dl sn.si) : calm ) → Tin CF)

as follows let I; : e}→ M be the inclusion mop

I.
*

E = eh ✗ F

↓
e !

now stelae}
= Spitzer. so we get

pi
"

snlea - side!
"

: S
"

→ F

i

F

n ⑧→
- Pz ◦ Sir

define Dlsn , si ) ( [e}] ) = [pish!- Sid, ] c- In (F)



lemma 2 :

1) SID Isa
,
sie ) ) = Elsa ) -E Csi )

2) given Sir and any h c- Ck (Mitral F))

3- Sir s± DISn.si = h

Proof : 1) is similar to proof of lemma 1

exercise : prove 1)

2) let 5h be any section on M
"

for a fixed k- cell ek let

h : calm ) → The (F)

be hcek) =[g ] C- The (F)

and h of other k -cells be 0

(as eʰ ranges over all cells such
h willgenerate calm ) so if we

prove the result for this h we
will be done )

let I : eh → M be
"

inclusion
"

as above I
*
E = ekx F

↓
ek

now choose a disk Dk Cait eh and homotop

5k on eh so posh (Dh) = ✗◦ C- F

let Sri = Sn on M
"
- Dk and on Dk



let it represent -9
c- Td F)

(well pro sin represents -g)

clearly D Csk , Sj ) = h ☒-

the lemmas and discussion above prove

Thʰ3 :

given a bundle
F→E

temp satisfying A)- c) above

and a section q : Mlk
)
→E

,
then

sktmk-D extends to ME
-4)

⇔

0Csn) = [ E (su)] = 0 c- Hk"(M; Tin CFD

So we hove an obstruction to echoing sections !

remark : if tnlF) = 0 for KediriM then the a

above shows 3- a section of
F→ E

th
in particular , as noted above a bundle
with contractible fibers always has a section !

note : 015N depends on Sklmuy ne
.
it is notjust about

whether there a section of E over Mkt
'
but

whether 0¥ c¥'=e of section of MK
) (when restricted



to MH
" )) extends to MHD

but the
"

first obstruction
"
is independent of

any choices and is
"natural

"

Tha 4 :

given
F-→E

↓ satisfying A) - c) above
M

if Tin (F) = 0 for k <n, then ] a section

Sa : Md→ E and the obstruction

otsn) does not depend on Sn

( well- defined independent of choices)
denote olsn) by 8

" + '
(E )

( called primary obstruction)

and if f : N→M is a map ,
then natural

↓p%back
8^+1 ( f- *E) = f-

*

✗
^"
(E))

8
""

is called a characteristic class
Proof : the discussion above says Sn exists

( since all obstructions vanish)

you can develop an obstruction theory to
homo toping one section to another
given S and S

' with S/mck-i-slmcn.is
then Shyam is homotopic to s

'

/men



⇔

01s, s
'

) c- Hh (M; TbdF)) vanishes

so there is a unique section of € over Ma
- D

i. 0Csn ) is well - defined

for naturally suppose f : N→M is a

cellular
map (we can homotop to make it so)

now a section S of E →M gives a

section f-
*

(s) of f-
*

(E) exercise : check this

for any E : ID
""

,
JD → (M

'""!MM we see

Tre ,CÑ
"?A)→ The,(Ñ

"? )→ Tin (F)
a

[I] [to I ] 1- [pies ◦ f- ◦ Elgin?

is essentially both 0C 1-
*

s ) ( E ) and

(f- * old ) (E)

now that#
"? MME Hae , CÑ

"!A) ICYMI
and similarly for N

so the co cycle 8h
"

( f-
*E) = f- * 8""(E)

*,



example :

recall a vector bundle
R
"

→ E

↓m
has a k- frame ⇔ structuregroup reduces

to Gun -k)
or first put ametric on E so it has str.

group
0in) then

E- has an orthonormal k - frame
⇔[

structuregroup reduces to Ocn -k)

in terms ofprincipal bundles
,
let 7-(E) be

the orthonormal frame bundle

G.e. the principal 0in) bundle

associated to E)

now

[
has an orthonormal k - frame

⇔ lemma II. 12

7- (E)10in -m has a section

the fibers of 7- (E)loin -k) are
◦%in -b)

= Vnik

recall from her II. 11

0 a < n - k

Yi Han ) I {2¥
,,

i = n- h even or h =L

1-- n-h odd



unfortunately Ti (M) does not necessarily
act trivially on Tin-Kun .nl it it is 2-

but if we take the mod 2 reduction it will

( any action on 2-Iz is the identity)

so we have a primary obstruction to a

K- frame over the n-k -11 skeleton

8h - he , (E) c- H
"-" '

(M ; Tin -hwan ) mod 2)

set we (E) = Ve (E) c- He(n; 2-(e)

this is the et
" Stifel-Whitney class ofE

when I even ( so n -k odd where l- n-heD

we (E) is the primary obstruction

to 3- of an @ - l+ 1) frame onMt
-1)

that extends over n'e)

in general it is a
"

reduction
" of this

Fact :(Steennod) the wi determined
the primary obstructions

exercise :

Given
IR
"

→ e-

tm



1) W, I E) = 0⇔ ] a n - frame over Md
)

that extends over MY

⇔ E orientable

2) if E orientable
,
then

WIE ) =o ⇔ F an in -1) - frame over Mt )

that extends over me )

⇔ 1- an n - frame over M
"

[
that extends over M

"

this is called a spin
structure

example :
IR
"
→ E

if ↓m
is an oriented bundle

then 4 (M ) acts trivially on Tin- Lun
, ,
) I 2-

exercise : Check this

so weget a primary obstruction
elE) c- HMM; E)

to the existence of a non - zero section

e. (E) is called the Euler class



exercise :

1) it s :M → E is any section
and M a manifold then
we can homotop s so it is

transverse to the zero section

2- C E and
↓
Poincaré Dual

e( E) =P. D. [5
'

(Z)]
2) etm) ([n ]) = ✗(M)

✗ Eulerfundamental
class ofM characteristic

example :

let
≤
"
→ E

↓m
be a vector bundle with

structuregroup Gun; e)

this is a
"

complex bundle
"

(from above can assume str
. gp. Ulm

)

so the frame bundle 7-(E) can be taken

to be a principal Ucn) - bundle

as in the real case
,
71E) will have a

complex k- frame



⇔
7-(E)
hunky has a section

(this is a "% (a. hide) bundle )

from Cor II. 11

it (Vahid ) ≈ {
° 2<-2 Cn -a

2- 2--2 Cn -K) -11

exercise : TIM ) acts trivially on
%ca-kl-iilvn.nla) where we think
of Vance) as the fiber of 71%,n⇒

thus the primary obstruction to a complex
k - frame is

gun
-m +2

e H
" -"+21miT{+nD)

we define CplE) = 8
"

(E) c- H 2h1m ; *)
this is the hᵗʰ Chern class of E

clearly galE) is the obstruction to a

complex (n-ke 1) frame on MEK
-1)



that extends to µ
(2k)

exercise : if E is a complex 6
"
-bundle over M

1) Cn (E) = e (E)

2) Wzie , (E) = 0 (⇒ complex bundles are
oriented)

3) wzi (E) = Cz (E) mod 2

4) C , (E) = 0 ⇔ structuregroup of E

reduces to such)
"

complex orientation
"

5) if É is E with " conjugate complex
structure

"

1.e. for ZEEmultiply bye
then Ci (E) = (1)

i
C(E)

Hint : easy for CalE) , reduce to this

see Milnor - stasheft

there is one more "standard " characteristic class

given a real bundle R
"
→ E

tu
then E-④IRE is a complex vector bundle

the 7ᵗʰ Pontryagin class of E is

pi (E) = C- 1)
i

Czi (E④e) e H
""
(M;E)



exercise :

1) Show E-④E and Ext are

isomorphic use this to show

Czi+1 (E④E) is 2- torsion

2) if E- is an oriented IÑ
"

- bundle

then pn (E) = e. (E) u ele )

3) if E is a complex bundle and E-
☒

denotes the underlying real bundle
then F-

*
④E E E ④ E-

4) if E- is a E
"
- bundle then

I -p, (E) + palE) . _ . Ipa (E) = (it C. (E) +→↳ (E) ) v4 - C,CE) . . - Icn/ED

eg. p, (E) = Cc (E) UC
,
(E) -2calE)

Characteristic classes
,
ingeneral , do not determine

a bundle, but we do have

I) Complex line bundles are determined by c,

and any ✗
c- HYM ) is C

,
of some E-bundle

2.e. {e-bundles over M} HYM)

E) - bundles are determined by G and E

and V K
,

c- H'(M ) ✗ HIM )
,
3- a

62- bundle E S.t. G (E)= ✗, CzlE)=p

E) 5013) -bundles are isomorphic
⇔

Wz , Pc agree



# ) so(4) - bundles are isomorphic
⇔

Wzip, , e agree

exercise : prove the above

I)
"

easy
"

III
"

easy ish
"

#-)
,
E) harder

B. Characteristic classes

another
way to think of Stifel

-Whitney classes
The 5 :

3- a unique function

Wi : Vector )→ Hilmi 2-a) FM

satisfying
1) W
;
(f-

*E) = f-
*

Wi (E) b-f :M→N

2) Wo / E) = 1 , wj (E)
= 0 Vi > fiber dine

3) W (E
,
E) = W CE,) u w /E-2)

where WIE;) = It W, CE;) + wzlEi)+ . .
.

4) w
, 18*0 where I. is the universal line

bundle over IRP
"

for 3) E, ⊕ Ez is called the direct sum of

Ei and Ez and has fiber the direct sum

of the fibers of E, and Ez


